In this paper we are interested in checking whether the conditional variances are equal in k ≥ 2 location-scale regression models. Our procedure is fully nonparametric and is based on the comparison of the error distributions under the null hypothesis of equality of variances and without making use of this null hypothesis. We propose four test statistics based on empirical distribution functions (Kolmogorov-Smirnov and Cramér-von Mises type test statistics) and two test statistics based on empirical characteristic functions. The limiting distributions of these six test statistics are established under the null hypothesis and under local alternatives. We show how to approximate the critical values using either an estimated version of the asymptotic null distribution or a bootstrap procedure. Simulation studies are conducted to assess the finite sample performance of the proposed tests. We also apply our tests to data on household expenditures.
Introduction
When comparing k (k ≥ 2) populations it is interesting not only comparing the means, but also other characteristics, like the variances. For example, in quality control, it is important to check the uniformity and the stability of the production process under different experimental and practical conditions. In biomedical research, detecting variation in gene expression levels is important for many reasons, for example, to identify experimental and environmental factors that affect a biological process; for a concrete example, see e.g. [19] . Equality of variances, when satisfied, can also be used to develop more powerful and simple ANOVA-type test statistics. Without controlling for the effect of covariates, there are a substantial number of tests available in the literature for the equality of (unconditional) variances of two or more populations. The standard procedures include the classical F-test and Levene's test (see [17] ) which is known to be robust to the violation of normality; see [11] for a recent review and some interesting examples and applications.
In this paper, we are interested in the comparison of conditional variances. We assume that in each population, along with the variable of interest or response variable, Y , it is also observed another variable, X, the covariate, so that the mean and the variance of the response variable depend on the values of X. More specifically, let (X j , Y j ), 1 ≤ j ≤ k, be k independent random vectors satisfying general nonparametric regression models
where m j (x) = E(Y j | X j = x) is the regression function, σ 2 j (x) = V ar(Y j | X j = x) is the conditional variance function and ε j is the regression error, which is assumed to be independent of X j . Note that, by construction, E(ε j ) = 0 and V ar(ε j )=1. The covariate X j is continuous with density function f j . Since the objective is to compare the variance functions, it is reasonable to assume that the covariates have common support, say R. The regression functions, the variance functions, the distribution of the errors and the distribution of the covariates are completely unknown and no parametric models are assumed for them. Thus, our approach is completely nonparametric. In this conditional setting, the hypothesis of equality of variances is stated in terms of the conditional variance functions, H 0 : σ We will develop several test statistics and study their distribution under H 0 and under local alternatives converging to the null hypothesis at the rate n −1/2 , n being the total sample size. Specifically, we consider the following local alternative hypothesis H 1,n : σ j (x)/σ 0 (x) = 1 + n −1/2 δ j (x), for 1 ≤ j ≤ k, for some functions δ j . To be more precise, in the previous expression we should have written σ n,j (x)/σ n,0 (x) instead of σ j (x)/σ 0 (x), as this function depends on n. However, to short the notation we suppress this explicit dependence on n. Observe that as n increases H 1,n becomes closer and closer to H 0 . Also, when δ j (x) = 0, for 1 ≤ j ≤ k, H 1,n reduces to H 0 . Statistical literature concerning the problem of testing for common features in several regression models has mainly focused on testing for common regression curves or testing for common error distributions. The problem of testing for the equality of regression curves in nonparametric settings has been extensively treated; see for example [3, 16, 22, 25, 24, 27] , and [12] for a recent review. On the other hand, testing for the equality of error distributions has been addressed in [23] . To the best of our knowledge, the comparison of conditional variance functions has not been studied before. Most papers dealing with testing on the conditional variance function focus on homoscedasticity assumption (see for example [18, 4] and the references therein) or, more in general, on the parametric form of the conditional variance function (see for example [5, 15] and the references therein).
In order to construct a test for testing H 0 , several approaches are possible. Here we follow the ideas in [25, 24] for testing the equality of the regression functions, m 1 , . . . , m k , which consist of comparing the distributions of the errors of the regression models. Specifically, let
be the regression error in population j,
to be the error under the null hypothesis, 1 ≤ j ≤ k. Let F εj (t) = P (ε j ≤ t) and F ε0j (t) = P (ε 0j ≤ t) be the cumulative distribution function (CDF) of ε j and ε 0j , respectively. The following theorem shows that H 0 is true if and only if the distributions of ε j and ε 0j coincide. The proof can be found in the Appendix.
Theorem 1.
Assume that σ j is continuous on R and 0 < E(ε 
t). Assume also that

Equality of conditional variance functions
The assertions in the previous result can be interpreted in terms of the CDF or in terms of any other function characterizing a probability law, such as the characteristic function (CF). In this paper we will consider both cases, that is, to test H 0 we will compare consistent estimators of the CDFs and CFs of the random variables ε j and ε 0j , 1 ≤ j ≤ k.
With this aim, the paper is organized as follows. In Section 2 we introduce the test statistics and explain the testing procedures. Sections 3 and 4 contain the main asymptotic results concerning the empirical CDF-based test statistics and the empirical CF-based test statistics, respectively, and discuss some practical considerations. In Section 5 we explain how the critical values of the proposed test statistics can be approximated. Investigating the finite sample performance of our tests is the topic of Section 6. A data example follows in Section 7 and conclusions are given in Section 8. All proofs of the theoretical results are deferred to the Appendix.
The following notation will be used along the paper: P 0 denotes probability assuming that H 0 is true; E 0 denotes expectation assuming that H 0 is true; P * denotes the conditional probability law, given the data; all limits in this paper are taken when n → ∞;
for any complex number z = a + ib, Re(z) = a is its real part, Im(z) = b is its imaginary part, z = a − ib is its conjugate and |z| is its modulus; N k (μ, Σ) denotes the k-variate normal distribution with mean vector μ and variance-covariance matrix Σ; an unspecified integral denotes integration over the whole real line R; sup t stands for sup t∈R ; I(S) denotes the indicator function of a set S.
The test statistics
As in the Introduction, let (X j , Y j ), 1 ≤ j ≤ k, be k independent random vectors satisfying general nonparametric regression models (1). For 1 ≤ j ≤ k, let ε j and ε 0j be as defined in (2) and (3), respectively. As justified in Theorem 1, to test for H 0 we will compare consistent estimators of the CDFs and CFs of the random variables ε j and ε 0j , 1 ≤ j ≤ k, and also consistent estimators of the CDFs F ε and F ε0 and of their associated CFs. Since neither ε j nor ε 0j are observable, the inference must be based on residuals. Next we construct them.
Let (X jl , Y jl ), 1 ≤ l ≤ n j , be independent and identically distributed (iid) observations from (X j , Y j ), 1 ≤ j ≤ k, and let n = k j=1 n j . Along the paper it will be assumed that n j /n → p j > 0, 1 ≤ j ≤ k. In order to estimate the errors, we first need to estimate the regression functions, 
The quantities w jl are either the local-linear weights given by
, or the Nadaraya-Watson weights
Both are particular cases of local-polynomial weighting (see [8] ). Under the model assumptions that will be stated in the next section, the results in this article are valid for local-linear and for Nadaraya-Watson (local-constant) estimators. Note that we have implicitly assumed that the functions π 1 , . . . , π k do not depend on unknowns. The theory also apply to the case where they depend on unknowns, replacing π j byπ j in the expressionσ 2 0 (x), wheneverπ j converges to π i fast enough. Later we will discuss this issue in more detail.
Based on these estimators, for each population j, 1 ≤ j ≤ k, we construct two samples of residuals,
1 ≤ l ≤ n j . Then we can construct the corresponding empirical CDFs (ECDFs),
and empirical CFs (ECFs),
respectively. These ECDFs are consistent kernel-based nonparametric estimators of the population CDFs F εj (t) and F ε0j (t), respectively (see Theorem 2 below). Analogously, the above ECFs are consistent kernel-based nonparametric estimators of the population CFs ϕ εj (t) = E{exp(itε j )} and ϕ ε0j (t) = E{exp(itε 0j )}, respectively (see Theorem 6 below). We can also consider the following ECDFŝ
and ECFŝ 
where w is a positive weight function that is needed to guarantee consistency (see Section 4) . Note that in the case of T 1 and T 2 , | · | represents the modulus of a complex number. In Section 3 we will study the asymptotic properties of the statistics
CM and in Section 4 we will deal with T 1 and T 2 .
Asymptotics for ECDF-based test statistics
This section studies some asymptotic properties of the ECDF-based test statistics
CM . To derive them we will need some commonly assumed regularity assumptions. First let us define
(i) X j is absolutely continuous with compact support R and density f j .
(ii) f j , m j , σ j and π j are twice continuously differentiable on R.
(vi) The kernel K is a symmetric density function with compact support and twice continuously differentiable.
Assumption (A2):
is continuous in (x, t) and differentiable with respect to t,
The same holds for all other partial derivatives of F j (t|x) with respect to x and t up to order two.
From now on we will name Assumption A to be the set of Assumptions (A1)-(A2). Assumption A (skipping (A1)(iv)) was also considered in [25] to derive asymptotic properties of some ECDF-based tests designed to detect differences between the conditional mean functions. This assumption is mainly needed to guarantee the uniform consistency of the estimatorsf j ,σ j ,m j andσ 0 . Also note that Assumption (A2), which will only be needed for the asymptotics related to ECDF-based tests, implies that ε j has a density, denoted by f εj .
We first give the following result that justifies the use of the test statistics
Corollary 3. Suppose that Assumption A holds. Then,
Observe that all considered test statistics converge in probability to nonnegative quantities. Under the assumptions in Theorem 1, such quantities are 0 if and only if H 0 is true. Therefore it seems reasonable to reject the null hypothesis for large values of these test statistics. Now, to determine what a large value means in each case, we must calculate the null distribution of the test statistic, or at least an approximation to it. Since the null distributions are unknown, we study their asymptotic null distributions.
Theorem 4. Suppose that Assumption A holds. Then, under
, and
The next Corollary, derived mainly by applying the multivariate Central Limit Theorem to Z n = (Z n,1 , . . . , Z n,k ) , gives the asymptotic distribution of our ECDF-based test statistics under H 0 and H 1,n .
Corollary 5. Suppose that Assumption
where
Let T denote any of the test statistics
Since H 0 can be seen as a special case of H 1,n with δ j = 0, 1 ≤ j ≤ k, the asymptotic distribution of T under the null hypothesis trivially follows by setting Δ j = 0. For example, under H 0 ,
Let α ∈ (0, 1) be arbitrary but fixed. As an immediate consequence of Theorem 1 and Corollaries 3 and 5, the test that rejects H 0 when T ≥ t α , where t α is the 1 − α percentile of the null distribution of T or any consistent estimator of it, is consistent against all fixed alternatives. It is also able to detect local alternatives converging to the null at the rate n −1/2 , whenever Δ j = 0 for some 1 ≤ j ≤ k. So far we have assumed that the weight functions π 1 , . . . , π k are known. Nevertheless we did not make any restriction on them except the fact that they are positive and sum up to one. In our simulation study, see Section 6, we take π j = n j /n. This simple choice is shown to work reasonably well for all the investigated examples. Another possibility is to choose the π j 's from the data. For example, as for the problem of testing the equality of regression curves, see [25, 24] , one may take 
Asymptotics for ECF-based test statistics
In order to study the limit behaviour of the test statistics T 1 and T 2 we also need some regularity conditions. Recall that to derive the asymptotic properties for the ECDF-based test statistics we assumed that the regression errors have a twice differentiable CDF. Analogously, to derive the asymptotic properties for the ECF-based test statistics we need that the regression errors has a twice differentiable CF, which is tantamount to assume that the regression errors has finite second order moment. But this assumption is implicit in the the definition of the regression models (1). As a consequence, the assumptions required to derive the asymptotics for ECF-based test statistics will be weaker than those assumed in Section 3, in the sense that no restriction on the distribution of the errors will be imposed, such as the existence of a density. Specifically, we mainly need to assume that Assumption (A1) holds. The motivation behind the test statistics T 1 and T 2 is in the following result.
Theorem 6. Suppose that Assumption (A1) holds and that w ≥ 0 is such that
Thus, T 1 and T 2 converge in probability to non-negative quantities. Since two distinct CFs can be equal in a finite interval (see, for example, [10] , p. 479), a general way to ensure that τ 1 > 0 and τ 2 > 0 whenever σ r = σ s , for some 1 ≤ r, s ≤ k, r = s, is to take w(t) > 0, for all t ∈ R. For instance, one can take w as the pdf of a normal law. Now, the reasoning made just after Corollary 3 can be repeated for the test statistics T 1 and T 2 . So our next goal is to determine the asymptotic distribution of T 1 and T 2 . With this aim we first give a result that provides an asymptotic approximation for
where sup t |R sj (t)| = o p (1), s = 1, 2, and Z n,j and Δ j , 1 ≤ j ≤ k, are defined as in Theorem 4.
Corollary 8. Suppose that Assumption (A1) holds and that
where Section 5) . From a theoretical point of view, any positive function w satisfying t 4 w(t)dt < ∞ can be used. From a practical point of view, the ease of computation of T 1 and T 2 is closely related to the choice of w. In fact, an alternative and more useful expression for T 1 and T 2 is given by (see Lemma 1 in [2] )
where I w (t) = cos(tx)w(x)dx.
These expressions are specially appealing when one wishes to employ the bootstrap to approximate the null distribution, which requires to evaluate the test statistic in a high number of artificial samples. Another point that should be taken into account is the fact that the ECF estimates more accurately the population CF around t = 0. Consequently, w should put most of the weight near the origin. For the problem of testing the equality of mean regression curves, [24] take w to be the standard normal density. We also considered this choice for w in our simulation study.
Estimation of the null distribution
The results in Corollaries 5 and 8 reveal that the asymptotic null distributions of the proposed test statistics are in all cases unknown because they depend on unknown quantities. Therefore, the asymptotic null distribution cannot be directly used to approximate the null distribution of these statistics. Two solutions can be considered: (a) approximate the null distributions by a bootstrap procedure, or (b) construct an approximation of the asymptotic null distribution. The first approach was also considered in [25] for the problem of testing the equality of conditional mean functions. They employed a bootstrap procedure based on smoothed residuals, whose theoretical justification can be found in [21] . The same bootstrap procedure could be used to approximate the null distribution of the test statistics studied in this paper. The second possibility is to approximate the null distribution by means of an estimator of the asymptotic null distribution of the test statistic. This estimator is usually called a bootstrap-in-the-limit estimator. Let us first consider the test statistic T 
Before employing a bootstrap-in-the-limit estimator we must be sure that the asymptotic null distribution is non-degenerate. Since, under our assumptions, a j > 0 and σ jj > 0, 1 ≤ j ≤ k, we have that k j=1 α j = trace(AΣ) = k j=1 a j σ jj > 0, and therefore its asymptotic null distribution is non-degenerate. The quantities α j in W 1 are unknown but can be estimated consistently from the data, say byα j , the eigenvalues ofÂΣ, using a plug-in principle and kernel smoothing methods. In such a case, sup
. Analogously, one could also estimate the null distribution of T 
Interestingly, if all the covariates have the same distribution,
It is easy to see that the matrix I k − pp has two different eigenvalues: 0, with multiplicity 1, and 1, with multiplicity k − 1. Therefore, if the laws of the errors also satisfy a 1 = · · · = a k (for instance, if all errors have the same distribution), then 4(
, which coincides with the null distribution of the classical Levene's test for equality of variances in two or more groups. To get a consistent null distribution estimator of T 1 CM in this case, it suffices to estimate θ and a 1 consistently, which is a quite easy task. The same is true for
The asymptotic behaviours of T (8), since (I k − pp )p = 0 we have that trace(CΣ) = 0, and thus W 3 = 0. That is to say that, in this case, the asymptotic null distribution of T 2 CM is degenerate. The same happens to T 2 . Since in practice Σ is unknown, in order to estimate the null distribution of T 2 CM and T 2 it is preferable to use the bootstrap procedure mentioned in the first paragraph of this section.
Finite sample performance
This section is devoted to the study of the practical performance of the proposed test statistics in terms of level approximation and power. With that purpose, we consider the following variance models in a two-population (k = 2) framework: In all cases the regression functions are m 1 (x) = m 2 (x) = x. The distributions of the covariates X 1 and X 2 are Beta(1.5, 2) and Beta(2, 1.5), respectively, and the regression errors ε 1 and ε 2 are N (0, 1). Models (L1) and (L2) are under the null hypothesis, so they will be used to study the level approximation. On the other hand, the power will be investigated through models (P1), (P2), (P3) and (P4). The variance functions are chosen to make the homoscedastic models (P1 and P2) and the heteroscedastic models (P3 and P4) somehow comparable: in the four models E[σ 1 (X 1 )] = 0.50, while and E[σ 2 (X 2 )] = √ 0.50 for models (P1), (P3) and (P4), and E[σ 2 (X 2 )] = √ 0.75 for model (P2). The weight function w required to construct the ECF-based test statistics is the density of a standard normal and we choose π j = n j /n, j = 1, 2. The tables below display the observed proportion of rejections in 1000 simulated data sets with significance level α = 0.05 (other significance levels were also considered and similar results were obtained).
Nonparametric estimation of the regression functions is performed by locallinear estimation, while the estimation of the conditional variance functions is done with the local-constant (Nadaraya-Watson) estimator, as it guarantees the positiveness of the estimation. The application of these smoothing techniques requires the specification of a kernel function and a smoothing pa- On the other hand, the optimal choice of the smoothing parameter in testing frameworks is not a solved problem (see, for example, the discussion about this topic in [12] ). To study the impact of the smoothing parameters in our tests, we will show results obtained under fixed values and also for values obtained by cross-validation. From some unreported simulations, we have learned that taking the same bandwidth in all populations is recommended. In the case of the cross-validation (indicated by cv in the tables), the regular least-squares method was applied to find the smoothing parameters to estimate σ 2 j , j = 1, 2, and then the average of the two obtained quantities is used to perform the estimation. A similar procedure is used to obtain the cross-validation bandwidth to estimate the regression functions m j . On the other hand, in the case of fixed bandwidths we take values 0.1, 0.2 and 0.3 (recall that the support of the covariates is [0,1]) to estimate both the regression and the variance functions.
We first study the behaviour of the tests based on the approximation of the asymptotic null distribution. We will only study the tests based on T
CM
and T 1 because, as explained in Section 5, the asymptotic null distribution of these statistics is a non-degenerate combination of chi-square random variables. Since we are dealing with approximations based on asymptotics, we consider moderate sample sizes (100 and 200). The obtained results are displayed in Table 1 . In terms of level approximation, the behaviour of both statistics is reasonable for model (L1). For model (L2), the level is clearly overestimated for samples sizes (100,100), specially in the case of T 1 CM . The approximation improves as the sample sizes increase. In terms of power, both statistics present a similar behaviour. The choice of the smoothing parameter does not seems to have an important impact, neither in the approximation of the level, nor in the values of the power.
Another possibility to obtain critical values is by means of bootstrap. In particular, in the current setup, as in other related papers (see for example [25, 6] ) a smoothed bootstrap of residuals is recommended. We have applied this bootstrap mechanism with 200 bootstrap replications to the six test statistics proposed in Section 2. Tables 2 and 3 CM and T 1 ) produce very similar results, and they outperform the Kolmogorov-Smirnov-type statistics. As before, the choice of the smoothing parameters does not have much impact on the rejection frequencies.
The models considered so far for the regression functions, the conditional variances and the distributions of the errors are somewhat simple. One may wonder if the proposed procedures still work for more complicated models. With this purpose, we consider the regression functions m 1 (x) = x + sin(2πx) and m 2 (x) = sin(2πx) and two new models for the conditional variance functions:
Model (L3) is under the null hypothesis and model (P5) is under the alternative. For the regression errors, in addition to the normal distribution, we also consider laws with heavier tails, 5/3 ε j ∼ t 5 and 7/5 ε j ∼ t 7 , and an asymmetric distribution, ε j + 1 ∼ Exponential (1) . From the results in the previous tables, we have learned that the tests based on the statistics T 1 CM and T 1 exhibit the best results in terms of power. Moreover, the critical values for these two statistics can be approximated from their asymptotic null distributions. Because of these reasons, we have conducted a similar study to that in Table 1 . For the new models described above, T 1 exhibits better behavior than T 1 CM in most cases. Table 4 reports the obtained results, which, for the sake of brevity are restricted to T 1 with models (L2), (L3), (P4) and (P5) and crossvalidation bandwidths. For non-normal errors, larger sample sizes are required in order to get a reasonable approximation of the nominal level. The distribution of the errors also affects the power, in the sense that lower values are observed for heavy-tailed and asymmetric laws when compared to the normal case. 
Application to data
To illustrate our testing procedure we will use a data set concerning monthly expenditures of Dutch households. The variable 'log of the total monthly expenditure' is considered as a covariate and 'log of the expenditure on food' is considered as the response. See [7, 25] for more details on these data. In the latter paper, the equality of the regression curves of households of 2, 3 and 4 members was tested and the equality between the regression curves of 3-member households (43 observations) and 4-member households (73 observations) was accepted. Here we move one step further in the comparison of the regression models and test for the equality of the conditional variance functions. Table 5 shows is not satisfactory, specially for small sample sizes. Since here we are working with 43 and 73 observations, the results for this test statistic are not reliable, and we should only consider its bootstrap version.
Conclusions
In this paper, we have constructed and studied six tests for the equality of k conditional variances. To do so, we compare the ECDF and ECF of the error terms estimated nonparametrically under H 0 and H 1 . Under some regularity conditions, the proposed tests are consistent against any fixed alternative and are able to detect contiguous alternatives converging to the null at a rate n −1/2 . The assumptions needed to derive these properties are weaker for the ECFbased test statistics. Specifically, no requirement is imposed on the distributions of the errors. An approximation of the asymptotic null distribution has been proposed and the performance of each test has been evaluated by means of some simulations. The proposed approximation works, in the sense of providing type I errors close to the nominal values, specially when the sample sizes are large (at least 200). For smaller sample sizes it is recommended to approximate the null distribution through a bootstrap mechanism.
The estimation of the conditional variance functions has been also studied in the econometric literature when the data present dependence structure (see for example [9, 28, 20] ). The proposed tests could be extended to this setting by assuming mixing conditions on the data and using appropriate results for the nonparametric estimators for the variance and regression functions in the same line of [6] , who tested for a constant variation coefficient in regression models with stationary data and used the results about kernel estimators with dependent data given in [13] .
Although the results in this paper are presented for local-constant and locallinear weights variance estimators, in practice, it is well-known that the locallinear variance estimator may take negative values. In our simulations and application to real data we used the local-constant estimator to estimate the conditional variance functions, as it guarantees the positiveness of the estimate. There are other possibilities to obtain positive estimators, such us, for instance, the local-exponential estimator studied by [28] . Under suitably adapted conditions, the procedures and the results in this paper can be extended for the local-exponential and other conditional variance estimators.
The above extensions, as well as others motivated by recent applications (for instance, in casual inference, [14] ) constitute fields of future research. (ii)
Proof. From (9) and (10), we get
Part (i) follows from the above equality by making the change of variable U js = (X js −x)/h and applying a Taylor's development. Part (ii) can be proved similarly by using (9) and (11). 
A.2. Proofs of main results
Proof of Theorem 1. (i)
The direct implication is trivial. To prove the converse implication, assume that ε 0j and ε j have the same distribution. They will also share the same moments. Now, because of the independence of ε j and X j , we get E(ε (ii) Let ε (respectively, ε 0 ) be a random variable with CDF F ε (respectively, F ε0 ). Note that ε (respectively, ε 0 ) is the mixture of the random variables {ε j , 1 ≤ j ≤ k} (respectively, {ε j0 , 1 ≤ j ≤ k} ) with probabilities {p j , 1 ≤ j ≤ k}. As for part (i), using the fact that E(ε 
andF
uniformly in t, where f ε0j denotes the density corresponding to F ε0j . The desired results follow directly from (13) and (14) . I(ε 0jl ≤ t) + F εj (t) − F ε0j (t) + o p (n −1/2 ), (15) 
